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Abstract 
The problem of blade vibration In axial flow tur- 
bomachlnes 1s one which has received a great deal of 
attention. These components are subjected to a se- 
vere operating environment In which susceptibility 
to fatigue failure brought on by vibratory stresses 
1s a real concern. This 1s a particularly acute 
problem 1n certain high performance military air- 
craft, where catastrophic blade failures have oc- 
curred quite frequently. Also, blade vibrations 
occurring in the compressor stages of a turbofan 
engine have a definite effect on the airflow through 
the engine. Besides disturbing the airflow, these 
blade vibrations can lead to the phenomenon known 
as flutter, which 1s an unstable condition In which 
the mechanical vibrations of the blades lead to 
unsteady aerodynamic forces which 1n turn drive the 
mechanical vibrations.  In general these problems 
are not limited to aircraft engines, but have also 
appeared in gas and steam turbines used In ground 
applications. 
This work deals mostly with the problems which 
arise from a property known as mlstunlng (or 
1 
detuning). Mistiming 1s the term given to a non- 
uniformity among blades mounted on the sane disc. 
These non-un1form1t1es may Involve differences In 
Individual blade mass, stiffness, or both, which 
are a result of normal manufacturing tolerances. A 
simple model 1s proposed for the numerical simulation 
of such blade vibrations, with emphasis given to mis- 
tuned systems. It 1s found that mistiming leads to 
elevated vibratory stress levels and Increased sus- 
ceptibility to certain types of dynamic forcing. 
Natural frequencies and mode shapes are computed, 
along with response to harmonic forcing. It 1s 
found that the model yields good results for higher 
order modes of vibration In which the deflection of 
the disc 1s negligible compared to blade bending de- 
flection. The results 1n this particular region are 
in good agreement with the experimental results pub- 
lished by others. 
I.  Introduction 
A great deal of attention has already been given 
to the problem of blade vibrations 1n axial flow tur- 
bomachlnes. However, much depends on the reliability 
of these components, which, owing to the severe envi- 
ronment 1n which they operate, are susceptible to vi- 
bration - Induced fatigue failure. Such failures 
have 1n fact been a problem 1n the turbofan engines 
of certain high performance military aircraft. Aside 
from this there are fluid dynamic effects caused by 
blade vibration which must be reckoned with. One of 
these 1s the phenomenon known as flutter. Flutter Is 
the name given to an unstable condition 1n which the 
mechanical vibration of the blades leads to unsteady 
aerodynamic forces which 1n turn drive the mechanical 
vibration (1,2) .  The purpose of this work Is to 
develop a simplified model for the simulation of the 
vibration characteristics of a bladed disc assembly 
1n the compressor stage of a turbofan engine. The 
emphasis of the analysis Is on the subject of mistun- 
ing (also referred to as detuning). The term 
Numbers In brackets designate References at the end 
of the thesis. 
mlstunlng refers to the non-uniformities which exist 
between Individual blades mounted on the sane disc. 
These non-uniformities Involve differences 1n blade 
stiffness and/or mass which result from normal manu- 
facturing tolerances. An Investigation 1s made of 
the effects of mlstunlng on the vibration character- 
istics of the system at hand. 
Several different types of models for the analy- 
sis of turbofan blade vibration have been proposed 1n 
the literature, with varying degrees of success. Most 
of these are some variation of a dlscretlzed mass - 
spring - dashpot arrangement (3,4).  Reference (5) 
proposes this type of analysis to simulate the blades 
in combination with a Myklestad-type approach, the 
purpose of which Is to simulate the effects of disc 
flexure. Still another method (6) has been to treat 
the disc as a circular plate of uniform thickness and 
each blade as a uniform cantllevered beam. Blade and 
disc receptances (Influence coefficients) are calcu- 
lated, leading to a matrix formulation of the prob- 
lem. Finally, with the advent of powerful finite 
element routines, the finite element method has also 
seen application 1n this field (7,8). 
The model developed In this work Is of the first 
type discussed above.  In short the model Is of the 
discretlzed, lumped-parameter type utilizing discrete 
masses and linear elastic springs to represent Indi- 
vidual blade masses and stiffnesses along with Inter- 
blade coupling effects.  It 1s not meant to be a 
finalized version for use 1n the field.  Rather, It 
1s meant to serve more as an Instructional tool In 
the Investigation of blade vibration.  It Is, however, 
possible to make appropriate additions to the model 
in order to make 1t more useful. 
This work begins with an Investigation of some 
theoretical considerations.  The model 1s then formu- 
lated along with methods for solving for natural fre- 
quencies and modes of vibration and computing response 
to harmonic excitation. The concept of mlstunlng 1s 
Introduced and Its effect on the problem Is studied. 
II. Theoretical Considerations 
The system being simulated throughout this work 
1s a hypothetical bladed disc assembly with twenty- 
four blades mounted about the circumference, evenly 
spaced. Assume for the moment that all twenty-four 
blades are Identical, I.e. each has the same mass and 
stiffness. If such 1s the case, an analogy can be 
drawn between the bladed disc system and a uniform 
circular plate. 
If one were to Investigate the vibration of a 
circular plate, it would be found that, as with any 
continuous system, the plate possesses a limitless 
number of natural modes of vibration. (Of course, 
not all of these would be practically observable.) 
Each of these modes 1s characterized by a certain 
natural frequency of vibration and a distinct mode 
shape. When vibrating in a particular mode, all 
points on the plate vibrate in phase and at the same 
frequency. The amplitude distribution over the plate 
1s what defines the mode shape. These mode shapes 
can be categorized according to the pattern made by 
the nodal lines (the points having zero amplitude). 
For a circular plate these nodal lines can occur in 
either circular or diametral form. Figure la Illus- 
trates one possible arrangement of nodal lines.  In 
this case there are two nodal circles and two nodal 
diameters.  If one were to solve the problem, 1t 
would be found that the functions defining the ampli- 
tude distribution are sines and cosines 1n the angular 
coordinate and Bessel functions 1n the radial coordi- 
nate (9). 
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When a number of Identical blades are mounted 
about the circumference of the disc, the symmetry of 
the system 1s preserved and the subsequent nodal pat- 
terns can be described In the same fashion.  Figure 
lb Illustrates this point. As Is the case for the 
unbladed disc, these patterns are comprised of various 
arrangements of nodal diameters and nodal circles. 
Note that a nodal circle may pass through the region 
occupied by the blades, 1n which case the blades would 
vibrate In a mode similar to a second cantilever bend- 
ing mode. However, throughout this work we will deal 
solely with the modes In which the blades vibrate In 
the first bending mode.  In these modes there are no 
nodal circles present.  (If such be the case, 1t Is 
only necessary for the model being proposed to take 
Into account amplitude distributions which are func- 
tions of angular position.) As 1n the case of the 
unbladed disc, the vibratory amplitudes vary according 
to a cos(ne) or sln(ne) distribution, where n Is the 
number of nodal diameters present. 
It should be emphasized that this assumption 1s 
valid only in the case where all the blades on the 
disc are Identical.  In reality such a degree of 
relative uniformity does not exist. Due to normal 
manufacturing tolerances the blades dtffer slightly 
1n mass and stiffness, In which case the symmetry of 
the system Is lost, as 1s the simplicity of the node 
shapes. 
10 
III. The Model 
The components which comprise the bladed disc 
system are In general highly complex In shape and con- 
figuration. In order to undertake the analysis at 
hand without becoming bogged down by these factors. 
It Is necessary to formulate some sort of model which 
can be used to simulate the actual system. By defi- 
nition the model should serve to simplify the analy- 
sis, while maintaining the basic dynamic characteris- 
tics of the system. 
A partial view of the model being proposed Is 
shown 1n Figure 2. As the figure Implies, the model 
1s a form of lumped - parameter representation. Each 
blade Is replaced by a discrete mass coupled to a 
rigid foundation by a linear elastic spring. The dis- 
crete mass 1s analogous to the mass of the blade It- 
self and the spring to the beam stiffness of the 
blade. Note that 1n such a formulation the blade Is 
restricted to one degree of freedom. This of course 
precludes simulation of higher order bending nodes. 
This will be discussed further at a later point. It 
Is also Implied that the disc Is essentially rigid. 
However, this Is not necessarily a valid assumption. 
11 
In reality, the disc undergoes a certain aaount of 
flexure, which 1n turn leads to Inter-blade coupling 
effects. This 1s taken Into account In part by the 
linear elastic springs situated between adjacent 
masses. 
12 
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Compared to some of the other analyses mentioned 
1n the Introduction, 1t might seem that the method 
being proposed here 1s rather simplistic. The reasons 
for taking this approach are twofold. The first Is 
obvious. By choosing such a model the computational 
effort necessary to carry out the analysis Is kept to 
a reasonable level. It was felt that at this point 
1t would be more worthwhile to work at obtaining de- 
cent qualitative data rather than becoming more occu- 
pied with the methods to solve the problem than with 
the problem Itself. Secondly, since the ultimate 
failure of the blades due to vibration 1s the real 
Issue to be confronted, 1t was felt that a formulation 
which went to great lengths to account for disc flex- 
ure would provide little added benefit. This 1s not 
to Infer that disc flexure has no effect on blade 
vibrations. Rather, the reasoning 1s that the bend- 
ing vibration of the blades becomes serious when the 
disc becomes effectively rigid. This has been found 
to be the case at higher frequencies (6). At lower 
vibration frequencies the disc 1s relatively flexible, 
hence these vibration modes Involve relatively little 
blade bending. Conversely, at higher frequencies, as 
the disc 1s forced to deform with a greater number of 
14 
nodal diameters, 1t provides an Increasingly stiff 
base for the blades. 
However, 1t Is necessary to account for some 
Inter-blade coupling effects. Such coupling might 
result from actual deformation of the disc In the 
region around the blade root. This deformation might 
then In turn cause a slight displacement of the root 
of an adjacent blade. Another coupling effect would 
be brought about by the aerodynamic effects of the 
air 1n the channel between adjacent blades. In an 
effort to simulate such behavior another linear elas- 
tic spring 1s situated between adjacent masses 1n the 
model. 
As 1s the case with discrete systems such as the 
one described here, the analysis can ultimately be 
reduced to a matrix formulation. Consider first one 
Isolated 'trolley'. 
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The equation of motion for this one trolley can he 
written 
m1Xi - F1 - klXl + k'Cx1+1-x1) + k'Cx^-x^ 
or 
m1X1 * Fi"(ki+2k,)x1 + k'xi-i + k'xi+i 1) 
Combining all the members of the system and their at- 
tendant equations of motion yields the familiar matrix 
representation 
Dn]{X} + MM " l?} 2) 
in which [m] and [k] are the square N x N matrices 
Dn]< 
ml 0 0   ... 0 
0 m« 0   ... 0 
0 0 m3... 0 
0  0 .. .m N 
[k] 
k^k' -k' 0  ...   -k'    " 
-k« k2+2k' -k'...   0 
0 
• 
• 
-k' 
-k* 
0 
k3+2k'..  0 
0   ...   kN+2k' 
and {X}, {x} and {F} are the column vectors 
16 
{*} {x} in 
'N kN 
where N 1s the number of trolleys comprising the 
system. 
The special case 1n which the right-hand side of 
equation 1) 1s zero,     V 
C«n]{x} + [k]{x} « {0} 3) 
Is, of course, the case for undamped, free vibration. 
Equation 3) leads to an eigenvalue, or characteristic 
value, problem. The characteristic values obtained 
for the system are merely the natural frequencies of 
the system. The corresponding eigenvectors then de- 
fine the mode shapes of the system. (Since the sys- 
tern possesses N degrees of freedom, there are there- 
fore Nnatural frequencies and mode shapes.) For part 
of this work, this type of analysis Is pursued In an 
effort to determine these natural frequencies and 
mode shapes. The reasoning behind this 1s that when 
the system Is forced at a frequency close to a natural 
17 
frequency, the system will experience a resonant con- 
dition and the amplitude distribution assumed will 
resemble the corresponding mode shape* Appendix A 
gives a thorough description of the numerical method, 
known as Jacobl's method, which 1s used to perform 
these calculations. 
The other part of this work Involves the Investi- 
gation of the system's response to periodic forcing. 
In this case the right-hand side of equation 2) Is 
made up of harmonic functions having non-zero ampli- 
tudes. The present analysis will be devoted specifi- 
cally to the type of forcing known as 'engine order* 
forcing, In which the frequency of excitation 1s an 
Integral multiple of the rotational frequency of the 
engine. This type of forcing can occur when the com- 
pressor blades rotate past some fixed components, such 
as bearing struts, stator blades, etc. Engine-order 
forcing has been found to be a major source of excita- 
tion 1n turbofan engines (5,6,10). The forces which 
act on the blades result from periodic variations In 
pressure about the circumference of the engine aris- 
ing from the wakes trailing the stationary components. 
The forces acting on the blades can be effectively 
18 
represented 1n the following manner: 
Fj(t)  « FQexp 1(o>t+<J>j) 4) 
The circular frequency u 1s given as 
a) * nfl 4a) 
where (i Is the rotational frequency of the engine and 
n 1s the number of 'engine orders' for the forcing 
function.  It should be pointed out that the number of 
engine orders Is merely the number of symmetrically 
spaced obstructions located upstream from the blades. 
For example, three evenly spaced radial struts located 
upstream from the blades would produce a forcing pat- 
tern resembling a three-engine order forcing function. 
The phase angle <f>.. associated with blade number 
j 1s given as 
*j - 2irnj/N 4b) 
where N 1s the total number of blades 1n the system. 
This phase difference results from the fact that the 
blades rotate past a stationary force field. 
The method of analysis used for this part of the 
work Is treated 1n some detail In Appendix B.  In 
short, the system Is subjected to a range of excita- 
tion frequencies and the resonant peaks In the 
19 
response are observed. The same type of matrix formu- 
lation 1s used, steady-state behavior Is assumed (see 
App. B) and a Gauss elimination procedure Is performed 
for each forcing frequency. 
At this point 1t should become obvious that It 
1s a rather simple chore to Introduce non-un1forn1t1es 
Into the model In order to simulate mlstunlng.  In the 
literature published on the subject of mlstunlng, the 
usual method used for determining the degree of mis- 
tune In a bladed disc system has been to measure the 
natural cantilever frequencies of the individual 
blades.  In various cases this has been done with the 
blades mounted all together on the disc, or Individ- 
ually on a stationary bench.  (Of course, these two 
different approaches will yield different quantitative 
results since the stiffnesses of the supports would 
be much different (11).  It stands to reason that a 
rotor would not be as stiff as a test bench. How- 
ever, as was stated previously, qualitative, rather 
than quantitative, results are being sought.) In the 
present analysis a parallel 1s drawn between the can- 
tilever frequencies of the actual blades and the nat- 
ural frequencies of the Individual spring - mass 
20 
combinations. In this way the sane degree of n1stun- 
ing that exists In the actual system can be simulated 
1n the model. If a tuned system were being simulated, 
all the masses and spring constants would be Identical. 
It 1s this case which will be dealt with In the next 
section. 
21 
IV. The Tuned Case 
Although perfectly tuned systems do not exist In 
reality. It 1s Instructive to explore some of the 
characteristics of such hypothetical systems. The 
types of mode shapes assumed by a tuned system have 
already been discussed 1n the Theoretical Considera- 
tions.  For the purpose of determining natural fre- 
quencies there are two methods available. The first 
1s the numerical method alluded to earlier and the 
other 1s an exact formulation which 1s outlined In 
Appendix C. 
Turning for the moment to the exact formulation, 
the expression which yields the natural frequencies 
for the tuned case Is as follows: 
un
2
 - o»0
2
 + 4u)c2s1n2(nir/N) (C-14) 
n*l,2,3*...,N 
and the mode shapes are specified by another expres- 
sion: 
A1n » Cns1n(2n1ir/N + «n) (C-15) 
n*1,2,3,...,N 
Consider now a system of 24 Identical blades, each of 
which has a cantilever frequency of 2000 Hz. Thus, 
u»0
2
 » (2irf1)2 - 1.579 x 108 
1*1,Z,3,..«,N 
22 
Assume a value for the Inter-blade coupling springs 
such that: 
wc
2
 » k'/m1 - 5.000 x 106 
1-1,2,3 N 
(This 1s not a definitive value.  It Is only proposed 
at this point for the sake of discussion.} 
23 
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F1g. 4. Equation (C-14) is represented graphically 
1n this graph of natural frequency versus n. Note 
that the graph clearly points up the degeneracy of 
the system.  (N»24) 
24 
The natural frequencies calculated from equation (C- 
14) are represented graphically by Figure 4, which 
Is a plot of the natural frequency FR versus the node 
number n. This figure Is very  Instructive. The nat- 
ural frequencies are represented by the points on a 
continuous smooth plot of (C-14) at which n has Inte- 
ger values. It can be seen that the curve Is syimaet- 
rlc about a vertical line drawn through n»12, and 
that the natural frequency for mode number n Is the 
same as that for mode number (N-n). This would also 
hold true 1f the system consisted of an odd number of 
blades, since 
s1n[(N-n)u/N] - s1n(Tr-nir/N) » s1n(nir/N) 
and therefore from equation (C-14) 
uN-n - "n 
Further, 1n reference to equation (C-15), 
s1n[2(N-n)1ir/N] = s1n(21ir - 2n1w/N) 
» -s1n(2n1ir/N) 
Thus, except for an angular difference 1n orientation, 
mode number (N-n) has not only the same natural fre- 
quency as mode number n, but also a similar node 
shape. 
25 
Thus it becomes evident that the tuned system Is 
degenerate, that Is, there are fewer distinct natural 
frequencies than there are natural modes. The modes 
which have similar natural frequencies and mode shapes 
are the so-called "double modes" discussed by Ewlns 1n 
reference (6).  In general the mode shapes are of the 
nodal diameter type discussed 1n Theoretical Consider- 
ations and are referred to as diametral modes. The 
lowest order natural mode possesses zero nodal diame- 
ters and higher order modes possess Increasing num- 
bers of nodal diameters up to N/2 If N 1s even or 
(N-l)/2 1f N 1s odd.  For example, a 24 blade system 
will exhibit a maximum of 12 nodal diameters. 
Since It 1s possible to determine exactly the 
natural frequencies and mode shapes of the model for 
the tuned case, the numerically computed frequencies 
and mode shapes can be compared to those computed 
exactly. This allows one to check the convergence 
and accuracy of the numerical method. This type of 
comparison 1s shown 1n Table 1. As can be seen from 
the table, the agreement between the exact formula- 
tion and the numerical method 1s quite satisfactory. 
Further, Figures 5 and 6 Illustrate two numerically 
computed mode shapes which show 2- and 3- nodal 
26 
diameter patterns, respectively.  It should be noted 
that 1n the case of a degenerate node any linear com- 
bination of the computed mode shapes Is also a possi- 
ble mode shape. Thus, the mode shape can assume any 
orientation, but the number of nodal diameters re- 
mains the same. 
The tuned system also exhibits some Interesting 
behavior when subjected to harmonic forcing. As 
Inferred 1n the preceding section, the type of forcing 
being considered here 1s of the engine-order type. 
By means of the procedure outlined 1n Appendix B, the 
model was driven by forcing functions of various 
engine orders over a range of frequencies occupied 
by all the natural frequencies of the system. On 
first glance one would expect the system to resonate 
whenever the driving frequency equalled one of the 
natural frequencies.  However, Figures 7a and 7b show 
that this was not the case.  Figure 7a shows the 
amplitude response versus driving frequency of one 
blade In a tuned system, with two-engine order forcing. 
Only one resonant peak 1s evident. On closer examin- 
ation it can be seen that the frequency at which 
27 
MODE 
NUMBER 
NUMBER OF 
NODAL DIAMETERS 
CO ACOBI) 
COMPUTED 
FREQUENCY 
EXACT 
FREQUENCY 
1 0 2000.0 2000.0 
2,3 1 2002.2 2002.2 
4,5 2 2008.5 2008.5 
6,7 3 2018.5 2018.5 
8,9 4 2031.4 2031.4 
10,11 5 2046.4 2046.4 
12,13 6 2062.4 2062.4 
14,15 7 2078.2 2078.2 
16,17 8 2092.8 2092.8 
18,19 9 2105.3 2105.3 
20,21 10 2114.9 2114.9 
22,23 11 2120.8 2120.8 
24 12 2122.9 2122.9 
Table 1. The natural frequencies computed by the 
numerical method outlined 1n Appendix A are compared 
with the natural frequencies calculated by the exact 
formulation of Appendix C. The modes are numbered 1n 
order of Increasing frequency, not the order In which 
they occur according to Equation C-14. 
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this resonance occurs Is the natural frequency corre- 
sponding to a two nodal-diameter mode shape.  In 
every  case It was found that resonance only occurs at 
natural frequencies whose mode shapes possess a num- 
ber of nodal diameters equal to the number of engine 
orders In the forcing function. For example, three- 
engine order forcing will excite only the three-nodal 
diameter mode. This sort of behavior has been ob- 
served experimentally by others and has been reported 
in the literature (12). This 1s a significant point 
when comparing mlstuned behavior to tuned behavior. 
In the mlstuned case the mode shapes do not exhibit 
clear nodal-diameter patterns. The next section will 
treat the mlstuned case In some detail. 
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V.  The M1stuned Case 
The previous section dealt at some length with 
the characteristics of tuned systems, rt Mas found 
that such systems have highly predictable natural fre- 
quencies and mode shapes. Another point which was 
made Is that tuned systems are degenerate, possessing 
only about half as many distinct natural frequencies 
and mode shapes as there are degrees of freedom. 
Finally, It was found that under engine order forcing 
the system experiences only one resonance, this being 
at the natural frequency for which the mode shape has 
a number of nodal diameters equal to the number of 
engine orders. This section will explore the effects 
which mlstuning has on these and other characteristics. 
In Section III it was stated that In this analy- 
sis a parallel Is drawn between Individual blade can- 
tilever frequencies and the frequencies of the Indivi- 
dual mass-spring systems 1n the model. Thus 1t is 
relatively simple to Incorporate dissimilarities In 
blade frequencies into the model. The approach taken 
here was to vary the spring constants kj while keeping 
the masses m and coupling constants k* equal. The 
reason for doing so was to retain the sort of formula- 
tion which would avail Itself of the method described 
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In Appendix A. Thts method proved to be computation- 
ally economical and also quite accurate. If a varia- 
tion of the masses had been allowed, some other method 
would have been necessary. These conditions which 
were placed on the model were not found to effect the 
results adversely.  (This determination was made by 
comparing the computed results to published experimen- 
tal results.) 
One point which should be made again Is that 
there seems to be no convention for measuring blade 
frequencies. Some experimental procedures Involve 
removing the blades from the disc, mounting the blades 
in a stationary, rigid rig and then measuring each 
blade's natural bending frequency.  In other procedures 
the blades remain on the disc.  In some of these cases 
the disc 1s Immobilized by clamping 1t between two 
massive discs having the same diameter (12). This 
has the effect of reducing the Inter-blade coupling 
through the disc and thus reducing the response of 
all the blades except the one being tested.  In any 
case, these widely different methods tend to compli- 
cate any kind of simulation.  In the present analysis 
the dilemma 1s that the model assumes the disc to be 
effectively rigid, while 1n fact the disc does 
35 
exhibit some flexibility.  In this light It can be 
predicted that the model will probably yield natural 
frequencies somewhat higher than the actual (11). 
This 1s due to the fact that In an effort to simulate 
the effects of disc flexibility stiffness Is added 
to the system. This helps simulate Inter-blade coup- 
ling, but rather than reflect the flexibility of the 
disc and thus the reduced stiffness of the entire sys- 
tem, this approach Instead adds stiffness to the sys- 
tem. However, 1t will be seen that corrections can 
be made to compensate for this. 
The procedure used to simulate mlstunlng has been 
outlined 1n Section III. More specifically, the com- 
puter programs which were written to Implement the 
methods of Appendices A and B were structured so that 
the Individual blade frequencies f, and coupling para- 
meters k'/m could be entered as Input data. The first 
case to be examined 1s one 1n which the blade frequen- 
cies show a smooth cos (36) variation about the cir- 
cumference of the disc; such that 
fi  » 2000.0[1.0 + 0.025 cos(£jp)] 5) 
along with 
k'/m* 5.0 x 106 
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Such a distribution would not likely reflect an 
actual system, but Is worthwhile to Investigate for 
Instructional purposes., Also, 1t might be useful at 
some point to express actual mistime distributions 
1n terms of Fourier sine and cosine expansions. 
Figure 8 Is similar In concept to Figure 4. 
Again the natural frequencies of the cos (30) mistuned 
system are plotted versus the mode number n. While 
the meaning of the mode number n Is not as clear as 
1t was for the tuned system, the general concept Is 
the same. Several points of Interest are evident. 
While the curve shown 1n Figure 4 Is smooth and sym- 
metric, the curve shown In Figure 8 1s somewhat Irreg- 
ular In appearance.  The most obvious feature Is that 
not all of the natural frequencies line up 1n pairs 
as they did in the tuned case. This Illustrates the 
phenomenon referred to by Ewlns (6) as frequency 
"splitting". By this Is meant that natural nodes 
which had the same natural frequencies and mode shapes 
1n the tuned case split Into two distinct natural 
modes, each possessing a distinct natural frequency, 
but similar mode shapes. As the degree of mlstune 1s 
Increased, the degree of frequency splitting would 
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Increase to the point where the frequency pairs would 
overlap the frequencies of adjacent modes, Also, If 
the mlstune distribution 1s purely random In nature, 
as 1t would be In an actual system, all the natural 
modes would split to the extent that a plot such as 
that shown 1n Figure 8 would be unintelligible. 
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II 
Fig. 8. Natural frequencies versus node number n for 
a system with a 2.5 percent cos(36) alstune distribution 
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One ultimate effect of frequency splitting Is 
that since there are more distinct natural nodes than 
In a tuned system the chances of resonant behavior 
are Increased. However, there Is another aspect to 
be considered. Recall that In previous sections 1t 
was Inferred that 1n a mistuned system the mode shapes 
become distorted and do not exhibit distinct nodal 
diameter patterns. In fact, these mode shapes can be 
represented as a superposition of diametral modes by 
means of a limited Fourier analysis (13), such that 
6) "-
1
        2*1 x1 * fCo + CM + z, Cn cos n(nr + *n>J 
n*l 
1 « 1,2,3,....N 
N/2    N even 
M -{ 
(N-l)/2 N odd 
This type of analysis was performed on all mode shapes 
generated by the program written to determine natural 
modes. The coefficients Cn then Indicate the magni- 
tude of the dlmetral components which comprise each 
mode shape. In light of the discussion In the pre- 
vious section concerning response to engine order 
forcing, it becomes evident that susceptibility to 
engine order forcing Is Increased even more. In a 
mistimed system there are more distinct natural modes, 
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and these modes are made up of several diametral com- 
ponents.  Thus an n-englne order forcing function will 
excite any mode which contains an n-nodal diameter 
component. 
Table 2 presents a summary of the natural fre- 
quencies of the cos (36} mlstuned system along with 
the dlmenslonless diametral components of each natural 
mode.  Each mode possesses a dominant component cor- 
responding to that which would be present by Itself 
1f the system were tuned, along with several others of 
lesser magnitude.  By reading down each column It can 
be seen that an n-englne order forcing function will 
excite up to eight resonances.  Figures 9a and 9b 
show the response of the first blade in a cos (36) 
mlstuned system when subjected to 2-eng1ne order forc- 
ing.  Note that five distinct resonant peaks are 1n 
evidence.  These correspond to natural frequencies of 
2005.8 Hz, 2051.9 Hz, 2073.4 Hz, 2090.8 Hz, and 
2117.8 Hz. The heights of these peaks are In direct 
proportion to the magnitude of the 2-nodal diameter 
component 1n each mode. One peak which should be pre- 
sent 1s too small to discern while two others fall 
outside the range of the graph.  Figure 9b Is not 
41 
particularly useful, but 1t Is Interesting to observe 
that the sharp phase response changes which Mere evi- 
dent in Figure 8b are not as evident here. 
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The next part of the analysis 1s an effort to 
arrive at some sort of quantitative correlation 
between the present analysis and experimental data. 
There 1s one particular bladed disc system which has 
received a great deal of attention In the literature 
from Ewlns (13) and others.  This system consists of 
24 mistimed blades mounted on a disc.  Since this sys- 
tem has received so much attention 1t was felt that It 
might be useful to see how well this analysis performs 
compared to others. The blade frequencies as reported 
in Reference 11 are shown graphically in Figure 10. 
Blade frequencies range from a low of 2415 Hz to a 
high of 2590 Hz and exhibit an almost random distribu- 
tion. These were determined by Immobilizing the disc 
between two massive discs of the same diameter, damp- 
ing all the blades but one and then measuring the 
natural bending frequency of the one undamped blade. 
Some points concerning such procedures were discussed 
earlier. 
At this point it was attempted to arrive at some 
agreement between the experimental data and the model. 
This agreement was sought In terms of both natural 
frequencies and mode shapes.  It was found that the 
value of the coupling parameter k'/m played a large 
46 
part in determining the mode shapes.  The strategy 
which was chosen was to first achieve agreement 1n 
mode shapes, and then manipulate the simulated blade 
stiffnesses to achieve agreement 1n natural frequen- 
cies.  Unfortunately, things were not so simple.  It 
was found that the coupling parameter value necessary 
for good agreement was an order of magnitude larger 
for the lowest modes than for the highest modes. This 
sort of behavior was discussed earlier, where as fre- 
quency Increases the disc becomes progressively stlffer 
and thus causes less Inter-blade coupling. Also, 1t 
should be realized that the coupling parameter also 
affects the natural frequencies, since as the para- 
meter 1s varied so 1s the stiffness of the system. 
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The experimentally observed natural frequencies 
and mode shapes are shown 1n Figure 11. The results 
of the correlation are summarized as follows: 
1) Setting the coupling constant k.'/m to a ? 8 
relatively high value (~10 ) and reducing all 
blade frequencies approximately 30 percent yielded 
good agreement with the two lowest modes shown in 
Figure 11. This reflects the fact that at lower 
frequencies the disc 1s more flexible, requiring 
that the stiffness of the model be reduced accord- 
ingly and at the same time requiring that much 
more inter-blade coupling be accounted for.  Note 
that these modes almost exhibit tuned behavior, 
Indicating that these modes consist primarily of 
disc flexure. 
II) Immediately beyond the two modes discussed 
/ 1n 1), little agreement could be obtained, partly 
{      because many of these "middle-range" modes were 
not In evidence experimentally.  It seems that 
this may be some sort of "transition" region 1n 
which disc flexure and blade bending occur simul- 
taneously. 
III) Beyond the "transition" region good agree- 
ment was again obtained.  In this case the blade 
49 
frequencies were all reduced by seven percent In 
the model and the coupling parameter set to 
5 x 10 .  (The fact that this value was used 
elsewhere Is a result of this observation.)  In 
this region the natural frequencies approach the 
blade frequencies, which Indicates that these 
modes consist primarily of blade bending. Again, 
not all of these modes were observed experimen- 
tally, but In the model modes 18-24 seem to fit 
1n well with the experimental. 
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Figure 11.  Experimentally observed mode shapes 
taken from Reference (6). 
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Thus 1t has been found that the "trolley" model 
exhibits good agreement with experimental data at higher 
frequencies where blade bending predominates. The 
seven percent correction factor merely reflects the 
fact that some disc flexibility 1s present, however. 
This would seem to Indicate that In order to obtain 
reliable quantitative results from the model, some con- 
sideration should be given to disc flexibility when 
measuring blade frequencies. Table 3 gives a compari- 
son of the results of the present analysis with those 
obtained experimentally, along with the results of the 
simulations undertaken in References (5) and (6).  Fol- 
lowing Table 3, Figures 12a through 121 graphically 
show the computed mode shapes (dlmenslonless) for modes 
16 through 24.  It can be seen that these are 1n fairly 
good agreement with many of the mode shapes shown In 
Figure 11. 
Clt is beyond the scope of this work to attempt a 
rigorous determination of the coupling parameter.  Such 
a task would Involve the study of the disc characteris- 
tics and would probably also need to take Into account 
some rather complex aerodynamic effects.  Perhaps 1n 
|he future it will be possible to merge some of the 
work being done by others in the area of single-channel 
52 
Table 3. Natural   Fre< 
Disc 
juendes of a mistimed 24-bladed 
Experlmen 
(Ref.6) 
tal 
(Ref.6) 
Computed 
(Ref.5) (Present Analysis) 
__- -._ ... 2267.9 
  
— — 2275.2 
  
  — 2286.9 
2037 1838.6 2168 2290.4 
2067 1847.8 2172 2298.1 
2300 2168.5 2286 2300.5 
2313 2178.7 2297 2315.2 
  2253.6 2405 2324.5 
  2266.7   2327.9 
  2271.7 2412 2334.3 
2340 2299.8 2433 2336.6 
2343 2307.4 2450 2350.5 
  2318.2 -_- 2351.7 
2368 2323.8 2470 2362.9 
  2337.5   2367.7 
2382 2342.1 2498 2379.5 
_-_ 2345.9   2384.4 
2388 2350.1   2389.0 
  2353.5   2395.4 
2391 2362.1   2396.8 
2394 2363.0   2405.6 
  2366.6 2485 2413.1 
2429 2388.5 2520 2427.7 
2478 2448.8 2568 2481.1 
(The graph which follows serves to graphically Illus- 
trate the comparison between the experimental results 
of Reference (6) and the results of the present analy- 
sis. ) 
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fluid flow with the work done here. Also, due to the 
limitations of the present model 1t was not deemed 
feasible to pursue the simulation of the lower-order 
modes.) 
There 1s still another point which should be dis- 
cussed.  It can be noted from Figures 12a through 121 
that the mode shapes for the system being studied 
exhibit highly irregular patterns.  In several cases 
1t can be seen that only a half dozen or so blades are 
vibrating while the rest remain practically stationary. 
The significance of this is twofold.  First, in refer- 
ence to the previous discussion regarding engine order 
forcing, the mode shapes are obviously quite complex 
and can be expected to contain certain amounts of 
eyery  possible diametral mode component.  Secondly, 
with only a few blades vibrating 1t can be expected 
that these blades will undergo much higher vibratory 
stress levels than the other blades. While no effort 
1s made here to determine the level of stress eleva- 
tion experienced in comparison with a tuned system, 
the argument can be made that 1f the energy Input to 
the system 1s absorbed by only a few blades, the 
resulting stress levels would be much higher than 
64 
1f the energy were absorbed by all the blades. This 
also has Implications for those who Instrument Isolated 
blades expecting that all blades behave In the same 
fashion. 
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Finally, a study of a hypothetical mtstuned sys- 
tem was undertaken for purely Instructional reasons. 
The system consists of twenty-four non-untform blades 
with an average frequency of 2050 Hz.  A mlstune dis- 
tribution with a spread of ±50 Hz was generated by means 
of a computer program which 1n turn called a random 
number generating routine to determine each blade's 
deviation from the average. Two hundred frequencies 
were computed and output 1n the form of punched cards. 
Twenty-four of these cards were then selected at random 
and used as Input to the simulation programs.  The 
resulting blade frequency distribution 1s shown 1n Fig- 
ure 13.  It 1s this sort of distribution which would be 
expected of components manufactured to normal tolerances. 
The figures which follow Illustrate some of the 
results which were obtained from the same analyses per- 
formed on the previous systems.  Figures 14a through 14c 
show the three highest order mode shapes for the ran- 
domly mistimed system.  There 1s evidence of the type 
of behavior which was observed 1n the system Investi- 
gated first by Ewlns and then In this work. The mode 
shapes are highly Irregular, and again the mode shapes 
are typified by small groups vibrating while the rest 
remain practically stationary. The mode shapes shown 
66 
~\ 
CM 
00 
s 
o 
u. 
o 
CM 
u 
*J 
«/> 
«r» ■o 
>>E 
U a> 
C*> 
CD i/t 
3 >» (TV) 
o> 
wo 
«♦- V 
c 
a* 3 
•o +» 
« V) 
to •—•£ 
as E 
CO 
01 
s. 
3 
o 
o 
CM 
© 
o 
CM 
67 
01 
e 
o • 
vt s 
0> 
X +» 
o «n 
f >» 
vt VI 
uxt 
«■ 01 
»•" c 
1 3 
«+» 
*r wi 
^■» »^» 
E 
«/> 
0) >» 
s. 
3 6 
o»o 
«r- ■o 
u. c 
«9 
u. 
• 
N « 
3g 
»#- 
r*. o 
• 
CM VI 
CO Ol 
CM  «0 
R    M 
>»0» 
0"0 
C O 
«  B 
3 
o-*o 
0) 01 
««-  3 
a. 
r-  B 
•O O 
u u 
3 ♦» 01 
01 
u 
3 
cn 
68 
o 
CM 
>» 
u 
c 
cu 
3 
« 
«0 
3 
0) 
I. 
a 
t 
69 
•  
 • 
o» 
CM 
a 
>» 
u 
c 
01 
3 
o- 
u 
u 
3 
3 
70 
are typical of those for modes 18 through 24. Again, 
the problem of elevated stress levels can be expected 
to be of concern. 
Even more dramatic are the amplitude and phase 
response diagrams shown 1n Figures 15a and 15b. These 
diagrams taken from the response of blade number one to 
a two-engine order harmonic forcing function. Over the 
frequency range shown there are thirteen resonant peaks 
evident. Also, In the vicinity of 2075 Hz there Is some 
evidence of a 'double mode' as was discussed previously. 
It Is clear that 1f this were an actual disc being 
excited by  frequencies in this range, as could easily 
be the case In a real operating environment, the likeli- 
hood of a resonance occurring Is much greater than It 
would be for a tuned system.  In addition to this, 
recall that the engine order formulation was merely 
an approximation of the harmonic forcing which results 
from flow distortion.  In reality there would also be 
higher order harmonics present which would further com- 
plicate the response. 
The last four figures Illustrate amplitude and 
phase response versus position on the disc for fixed 
excitation frequencies.  Figures 16a and 16b show the 
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response patterns of a tuned system subjected to a 
two-engine forcing function of 2008 Hz. As would be 
expected, the amplitude distribution around the disc 
1s even and symmetric. The phase angle distribution 
1s 1n keeping with the phase angles associated with 
two-engine order forcing as shown 1n Equation 4b). 
In contrast to this are the distributions shown In 
Figures 17a and 17b. These diagrams show the ampli- 
tude and phase responses of the randomly mlstuned sys- 
tem versus position to a two-engine order forcing 
function of 2048 Hz. The amplitude response distri- 
bution shows the same kind of irregularity as did the 
mode shapes.  In addition to this, the phase angle 
distribution Indicates that the Inter-blade phase 
angles are not constant, as they are In the tuned case, 
This type of behavior has been documented by Kurkov 
and Dicus in Reference (14). Such behavior could be 
of particular significance 1n the simulation of single* 
channel fluid flow, where In some cases the assumption 
1s made that amplitudes and Inter-blade phase angles 
are constant. 
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VI.  Summary and Conclusions 
The so-called "trolley model" has been Introduced 
as a model for the simulation of blade vibrations In 
axial flow turbomachlnes.  In this model each blade Is 
discrete zed as a discrete mass with one degree of free- 
dom coupled to a stationary foundation (I.e. the disc) 
by a linear elastic spring, with linear elastic coup- 
ling between adjacent blades.  In this manner the bend- 
ing vibrations of the blades and inter-blade coupling 
are represented.  This coupling may be attributed to 
aerodynamic effects or mechanical coupling through the 
disc.  Natural frequencies and mode shapes and response 
to harmonic excitation are computed by means of the 
methods outlined in the appendices. 
The major downfall of this analysis 1s the omission 
of coupling effects between nonadjacent blades. These 
effects arise from deflections of the disc on which 
the blades are mounted.  However, these effects are fre- 
quency-dependent and 1n general are difficult to derive. 
Also, the argument can be made that for high frequen- 
cies the disc becomes sufficiently stiff that 1t under- 
goes little or no deflection. 
Some of the factors which are In favor of the 
model are given below. 
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(I) The model exhibits good qualitative agreement with 
experimental results published by Ewlns (61 for the 
higher modes of vibration. That 1s, the computed mode 
shapes are 1n good agreement with those obtained exper- 
imentally.  With some manipulation, quantitative agree- 
ment to within less than one percent can also be ob- 
tained. This tends to support the supposition that the 
disc becomes stiff at high frequencies. 
(II) One of the main reasons for studying blade vibra- 
tion Is the problem of fatigue failure In the blades. 
These failures are caused by cyclic bending loads act- 
ing at the root of the blade resulting from bending 
vibration.  Blade bending Is more serious at higher 
frequencies. At lower frequencies the vibratory motion 
Is predominantly disc deflection. As stated earlier, 
the former case 1s the one for which the model works 
best. 
(III) Some of the work being done by others deals with 
the aerodynamic effects between two vibrating blades. 
In such a case It would not necessarily be useful to 
study vibration modes which consist mostly of disc de- 
flection.  These studies usually Involve the airflow 
between two adjacent blades and therefore are not con- 
cerned with disc movements. 
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(1v) Due to the model's simplicity the simulation can 
be accomplished with a relatively small amount of com- 
putational effort. The model can be expanded readily 
without becoming computationally unmanageable. 
The model exhibits the kind of behavior which has 
been documented In the literature for mlstuned systems. 
These phenomena Include complex amplitude distributions, 
typified by vibration confined to small groups of 
blades, and Increased susceptibility to certain types 
of excitation.  In a tuned system the mode shapes have 
distinct nodal diameter patterns 1n which amplitudes 
vary sinusoidally or cosinusoldally around the circum- 
ference of the system.  If the forcing function 1s of 
the engine order type, resonant behavior will occur 
only In the case where the number of nodal diameters 
equals the number of engine orders for the forcing 
function.  However, in a mlstuned system the mode shapes 
do not exhibit this regular amplitude distribution. 
Each mode shape can be treated as a superposition of 
nodal diameter mode shapes. Therefore, each mode which 
contains a nodal diameter component of the same order 
as the forcing function engine order will be excited 
if the forcing frequency equals the natural frequency 
of that particular mode. Thus, wherein the case of the 
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tuned system only one resonance was excited, any num- 
ber of resonances can be excited In a mistuned system. 
Also, In a tuned system the natural modes occur in 
pairs having the same natural frequencies and similar 
mode shapes,  rt has been shown that 1n a nils tuned 
system these pairs split Into two distinct modes hav- 
ing slightly different natural frequencies. In effect 
the number of potential resonant frequencies Is doubled. 
There are several ways 1n which the model can be 
either expanded or Improved. One possibility 1s the 
Inclusion of more aerodynamic effects, most notably 
aerodynamic damping (both positive and negative). This 
would Involve the addition of a dashpot between adja- 
cent blades and would of course make necessary some 
other method for solving the eigenvalue problem. Some 
of the simulation of single-channel fluid dynamic 
phenomena could perhaps be useful in determining the 
appropriate damping constants. Another possibility 
would be to further dlscretlze the system In order to 
take Into account modes of vibration Involving "second 
bending" blade vibrations. 
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Appendix A 
Calculation of Natural Frequencies and Node Shapes by 
Jacobl's Method 
The material for this analysis Is taken from Ref- 
erences (7) and (15). Jacobl's method 1s an Iterative 
procedure for transforming a real symmetric matrix Into 
diagonal form such that the elements of the diagonal 
matrix are the eigenvalues of the original matrix. 
Also, the eigenvectors are generated simultaneously. 
The process Involves successive multiplications by 
matrices which are similar to coordinate transformation 
matrices representing angular rotations. Thus, Jacobl's 
method 1s also known as the method of successive rota- 
tions. 
Consider first the equations of motion 
W{*\ •+ £kj{x} = {0} 
where 
and 
[k]= 
[m] » m[I] 
k1+2kc 
-
kc 0 
-
kc k2«kc 
-
kc 
0 
"
kc 
k3+2kc 
(A-l) 
(A-2a) 
(A-2b) 
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Note that the stiffness matrix [k]  Is symmetric.    Now 
define the matrix £AJ such that 
[A] - W^Ik] CA-l3l 
Due to the nature of the mass matrix {raj 
\ 
[A] - l[k] CA-4f 
The matrix [A], like the stiffness matrix [k], Is also 
symmetric.  Substituting (A-4) Into (A-l) 
[*}■+  CA3{x} - {0} 
Assuming harmonic motion such that 
{xCt)} - f(t){u} 
one obtains 
E [A] - co2[IJ]{u} - {0} CA-5) 
In order to obtain nontrlvlal solutions to the set of 
equations (A-5) it Is necessary that the determinant 
of the coefficient of {u} vanish.  This yields the 
characteristic equation 
IIA3 - «2Ci]| - 0 (A-6) 
Equation (A-6) 1s an algebraic equation of the N 
2 
order in w , the roots of which are the eigenvalues of 
the matrix [A]. The eigenvalues of fA] are merely the 
squares of the natural frequencies of the system. 
It remains to determine the vectors {u*r'} which 
then solve equation (A-5) for each wj;.  Each vector 
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{u^r'} can be determined to within an arbitrary con- 
stant, that 1s each vector has a unique shape but 
arbitrary amplitude. These vectors are the character- 
istic vectors or eigenvectors of the system.  Each 
eigenvector {u^r'} corresponds to the mode shape 
2 
assumed by  the system for each natural frequency u> . 
There are several ways to specify Cl.e. normalize) 
the amplitudes of the eigenvectors. The method used 
for this analysis will be discussed later. 
Thus the concept of natural frequencies and natural 
modes has been formulated.  It should be pointed out 
that the eigenvectors are orthogonal, t.e. 
{u(rl}T {u(s)} - 0    r f  s 
(Also, if two natural frequencies are equal, the two 
corresponding eigenvectors are still orthogonal and 
any linear combination of the two Is also an eigenvec- 
tor.  In this case the system Is said to be degenerate.) 
Consider again equation (A-5) 
[ CA] - a>p2[I] ]{u(r)} - {0} (A-5) 
or 
[A]{u(r)} - <*\  {u(r>} (A.7) 
r»l ,2,... ,N 
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At this point the modal matrix [u] Is Introduced such 
that 
[u] - [{u(1)}. {u(2)},...,{u(N)}]  (A-8) 
Thus, the eigenvalue problem can be written 
[A] [u] - [u] [3k2] (A-9) 
If the eigenvectors are normalized so that 
{u(r)} {u(r)} - 1   r-1.2,...,N 
we have 
Cu]T [u] - [I] (A-10) 
and therefore 
[u]T = [u]'1 
T Premult1ply1ng (A-9) by [u] we obtain 
[u]T C>] Cu] - To).2] (A-ll) 
In light of (A-10), the transformation shown 1n 
(A-ll) 1s a similarity transformation. The general 
form of a similarity transformation 1s 
[b] = [QrVa] CQ]   \ 
It can be shown that the matrices [a] and [b] possess 
the same characteristic values and thus the trace of 
[b] equals the trace of [a].  It remains now to formu- 
late an Iterative transformation procedure which will 
ultimately converge to a form similar to that of (A-ll). 
Consider the linear transformation 
[A]k+1 » l*rkl}   [A]k [R]k+1 (A-12) 
86 
where 
[A]0 » [A] 
Then If 
[R]k » CR]T [R]2 — CR]k 
1t follows that 
[A]k+1 - Mil]   [A] [R]'+1 (A-13) 
where [A]k+1 has the same eigenvalues as [A]. 
Next consider the matrix 
[A]2 » [A]k [A]k (A-14) 
Recall that the trace of the matrix [A] 1s equal to 
the sum of the squares of all the elements of the 
matrix [A].  (This arises from the symmetric nature 
of [A].) 
N   N 
tr [A] 2 = Z  Z     (a^dc))2     (A-15) 
K
   1*1 j«l  1J 
Transforming 
M]jj+, = [R]jJ, [A]k [R]k+1 [R]^ [A]k [R]k+, 
= CR]kI, [A]* [R]k+1 
In similar fashion it 1s obvious that 
tr[A]2+1 - tr[A]2 » j, ^(a,/**)2 
N  N 
" i»i j»i (au)2 / (A"16) 
Indicating that the sum of the squares of'all the ele- 
ments of a matrix 1s Invariant under similarity trans- 
formation. 
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If the sequence {[R]^} can be chosen so that 
1-1  "       1-1 
(I.e. the elements on the main diagonal of the trans- 
formed matrix gain dominance at the expense of the 
off-diagonal elements) the sequence 
tj, <an(k)>V 
1s convergent such  that 
111      I     (a11(k))2  -  tr  M2 (A-17) 
and 
IC-H» 
l1m
   Mi(k) c 0 (1 f j) 
2 
Thus the matrix [A] has been diagonal1zed, as has the 
matrix [A] such that 
111  CA]k = dlag (a*,2, o)22,...,u.N2)      (A-18) 
From this 1t follows that 
111 ml  ■ Cu] (A-19) 
In order to accomplish all this consider the 
matrix 
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[R] k+l 
P    q 
1 0 • ••   V   •••   \J       •■ . 0" 
0 1 • ••   u   •••   U  • 4 . 0 
0 0 
■ 
... 0 ... 0 . 0 
• 
0 
■ 
• 
0 
• 
• 
0 
• 
0 
• 
• 
0 
• 
• 
0 
cose...sine, 
sine.."cose. 
• • 
• • 
0      0 
..0 
..0 
• 
• 
1 
p 
q 
(A-20) 
which 1s similar 1n structure to a matrix representing 
the rotation of a rectangular system of coordinates 
through an angle e. Note that [RJb+i Is self-Inverse 
and symmetric. Therefore, 
[A]k+1 = [R]k+1 [A]k [R]k+1 
The results of this transformation are summarized as 
follows: 
f 
) 
(k+1)
 =AD <
k
>    +A<
k)s1ne pi  cose  qi     } 1 f  ps) "p1 
A\(k+i) 
qi \ A.^^slne - A.J
(k)cose lp1 *q1 
A_(k+1)= A_(k)cos2e + A_(k)sin2e + 2A. **'coseslne (10, pp PP qq pq 
*qq
(k+1)
-*Pp(k)«t»2e* A^'We-aA^Ue sin e 
Ap,(k+1>"<ApP(k)-Aqq(k))si>'e':ose-Apq<lt>(coSVsin2e) 
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Now choose 6 so that 
A (k+1) 
Then 
PP      PP      2    qq ,     2    pq 
A„(k+1»»A. <k» l»co»ge,A Cfc> 1-c°s26,A (k)s1n29 
A„„(k+1)»Ann
(k)
 1-cos28,A (k) iicosZe    (k) 
qq      PP      2    qq      2     pq 
and 
(A-21) 
tan 20 » 2AnJk) / (Ann(k) - A  *k))    (A-22) pq     pp    qQ 
as long as 
Ann'"0 *  «„ <"> pp    qq 
otherwise 
0 = ir/4 
Since two off-diagonal terms have been zeroed and the 
sum of the squares of all the elements 1s Invariant, 
the main diagonal terms have gained In dominance. The 
procedure yields the desired results 1f for each Itera- 
tion the off-diagonal term with the largest magnitude 
1s zeroed. The process 1s Iterative since In general 
a term which has been zeroed by one rotation will no 
longer be zero after a subsequent rotation. However, 
the transformation will generally converge within a 
finite number of Iterations. One method for checking 
convergence 1s to combine equations (A-16) and (A-17). 
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E  (an(k+1))2 - Z      Z     (iU)2  » e    (A-23) 
1-1 1-1 j-1   J 
where e 1s some specified error tolerance. 
When the error tolerance has been satisfied the 
eigenvalues of [A] can be read from the main diagonal 
of the transformed matrix [A]^. The matrix of eigen- 
vectors 1s obtained from the product of all the trans- 
formation matrices. 
k+1 
[u] - n [RL (A-24) 
1-1   1 
91 
Appendix B 
Response to Harmonic Excitation 
w--~*S' 
The model being used to undertake the modal analy- 
sis of the free system can be easily extended to deter- 
mine the response of the system to harmonic forcing. 
Specifically, the excitation being Investigated Is of 
the "engine order" type, that 1s a forcing function 
whose frequency 1s an Integral multiple of the engine's 
rotational frequency.  This type of excitation may 
result from the rotation of the bladed disc past some 
stationary force field, such as a spatially fluctuating 
pressure field resulting from flow distortion. The 
force acting on each blade Is diagrammed In Figure B-l. 
where 
rrrr^l LTTTT>W1 Vn 
Figure B-l 
The equations of motion are given as 
Cm]{x(t)} + [k]{x(t)} - {F(t)} (B-l) 
i 
FJ^) * F0 exp 1(ut + ♦j* (B-2> 
i. 
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The circular frequency u 1s given as 
to ■ nfl 
and the phase angle <t>*  associated with the stationary 
force field 1s given as 
4>j - 2irnj/N 
where n 1s the engine order of excitation, ft Is the 
engine rotational frequency, j 1s the blade number and 
N the total number of blades. 
The next step 1s to calculate the response {x(t)} 
to the real part of {F(t)}. First, 1t 1s assumed that 
{x(t)} can be expressed as the real part of 
Xj(t) - Xj exp 1(ut + r^j) (B-3) 
Note that this Implies steady-state behavior even 
though there 1s no damping present 1n the model. The 
assumption has been made that If any damping 1s pre- 
sent in the bladed disc system it 1s small enough to 
Ignore in the calculations.  However, It 1s also 
assumed that steady-state behavior 1s nevertheless 
possible. 
At this point a slight change In formulation be- 
comes useful.  Let the forcing function (F(t)} and 
response {x(t)} be represented as follows: 
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Fj(t) - Qj(t) - Q0je1ut (B-4) 
Xj(t) = qj(t) - qQJ e1Wt 
Qoi and q * are the complex amplitudes of the forcing 
function and the response, respectively. These com- 
plex amplitudes specify both the amplitudes and the 
phase angles. Taking the second time derivative of 
qj(t), one obtains 
Xj(t) - q\.(t) = -o»2q0Je1wt (B-5) 
Following the analysis shown previously, let 
[A] - W1 [k] 
which, when substitute Into equation (B-l) along with 
equations (B-4) and (B-5) yields: 
C CA] - <o2[I] ]{q0} e1ut = {Q0}eiwt 
or 
C CA] - a>2[I] ]{q0} = {QJ (B-6) 
The real and Imaginary parts of {q0} are then com- 
puted using a Gaussian elimination procedure for 
specific values of a>.  In general 
%i  = aj + ibJ 
and 
|q0jl   -   (a/  +  bj2)1/2 
so 
Xj  -  (a^ + bj2)1/2 (B-7a) 
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and 
ijrj ■ tan-1(bj/aj) (B-7b) 
Thus the amplitude and phase response of the system 
can be calculated for different forcing frequencies. 
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Appendix C 
Alternate Method for Computing Natural Frequencies 
of a Tuned Bladed Disc System 
This analysis 1s taken from reference (16), with 
appropriate modifications made to suit the problem at 
hand. The method provides a means of calculating the 
natural frequencies of a tuned system exactly. In 
turn, the results can be utilized to check the accuracy 
and reliability of the analysis performed by means of 
Jacobl's Method. 
Recall the matrix formulation of the equations of 
motion 
Cm]{X} + [k]{x} - {0} (C-l) 
where the N x N matrices [m] and [k] are, respectively, 
the mass and stiffness matrices as defined previously, 
and N 1s the number of blades 1n the system. " In gen- 
eral, the Individual equations of motion can be writ- 
ten 
m x1 + (k1 + 2kc)x1 - kc(x1+l + x^.,) - 0 
(C-2) 
except for the two cases when 1 ■ 1 or 1 ■ N. When 
1 » 1 
mX1 + (k1 + 2k(.)x1 - kc(x2 + xN) - 0     (C-3) 
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and when 1 ■ N 
mxN + (kN+2kc)xN - k(.(x1+xN_1) - 0       (C-4) 
In order to preserve the generality of equation 
(C-2) let us extend the range of the subscript 1 such 
that 
1 = 0,1,2,...,2N 
and 
x1+N = Xi (C-5) 
and 
k1+N = k1 
The reason for doing this will become evident. The 
number of degrees of freedom of the system 1s still N. 
Next, assume that the system undergoes harmonic 
motion such that 
Xj = A.j cos wt (C-6) 
where A^ 1s the amplitude of vibration for the 1 
blade and w is a natural circular frequency of the 
system.  Thus 
X.j ■ -A.ju> coswt (C-7) 
Substituting Into equation (C-2): 
2 (k.j+2kc-mu> )A.jcoswt - k (A. ,+A.+, )cos wt '■ 0 
But, since the system 1s tuned, k,»k2*. ..•km-k. 
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Thus, 
(a)02+2o)i2-a)2)A1 - wc2(A1.l+A1+l) - 0       (C-8) 
where 
and 
Further, 
2 
o)Q - k/m 
wc - kc/m 
(A1-1+A1+1)/A1 = l*02*i*cZ-»2)/»iZ (C-9) 
Next, one can assume a circumferential amplitude 
distribution in keeping with a general diametral mode 
shape. 
Ai = c s1n(le + 6) (C-10) 
where 6 1s still to be determined and 6  1s a phase 
angle accounting for the possible arbitrary angular 
orientation of the mode shape. 
A1-l+A1+l = c{s1n[(1-De+«] + s1n[(1+l)6+6]} 
= 2 C s1n(le+6)cos(6) 
and 
(A1_l+A1+1)/A1 = 2 cose (C-ll) 
Now, 1n order to Insure the circular symmetry of the 
system, 1t 1s necessary that the following condition 
be met: 
X1+(| - X, (C-5) 
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Therefore, 
or 
so 
A1+N " A1 
s1n[(1+N)6+6]  = s1n(16+6) 
N6 =  2irn 
e . IniL (c"12) 6 N 
Combining equations (C-9), (C-ll) and (C-12) 
yields the expression which gives the natural frequen- 
cies. 
(Ai.1+Ai+1)/Ai = (u^u^-o)2)/^2 = 2 cos(^) 
(C-13) 
which leads to: 
o>n
2
 = a)02+2a)c2(l-cos ^) 
or 
wn2 - « 2+4u> 2 sin2 ^ (C-14) n    o   c      N *   ' 
Combining equations (C-ll) and (C-12) yields the 
expression which gives the amplitude of the 1 blade 
vibrating In the n  mode. 
Am = cn s,n<nr + 6n)        (C'15) 
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